With the assumption that a perfect fluid with a constant equation of state is the only energy component on the brane, we study the stability of Einstein static state solution under homogeneous and inhomogeneous scalar perturbations in both spatially flat Randall-Sundrum (RS) and Shtanov-Sahni (SS) braneworlds. We find that if the perfect fluid has a phantom-like property and the "Weyl fluid" originating from the projection of the bulk Weyl tensor onto the brane behaves like a radiation with positive energy density, the Einstein static state solution is stable in the SS braneworld, but unstable in the RS one. Furthermore, we demonstrate that the static state solution is also stable in the bulk with a timelike extra dimension. Thus, in the model where the extra dimension is timelike, our universe can stay at the Einstein static state past-eternally, which means that the big bang singularity might be resolved successfully by an emergent scenario.
Introduction
Braneworld scenario, based on superstring theory (M theory), assumes that our 1 + 3 dimensional observable universe ("brane") is embedded in a 1 + 3 + d dimensional spacetime ("bulk"), and gravity can propagate freely in the bulk while ordinary particles and fields are confined on the brane. Thus the hierarchy problem could be resolved by the existence of extra dimensions. In most braneworld models, such as the famous Randall and Sundrum (RS) [1, 2] and DGP [3] models, the extra dimension is spacelike, so the manifold of the bulk is Lorentzian. However, it is still plausible that timelike extra dimensions may exist. The simplest braneworld with a timelike extra dimension was constructed by Shtanov and Sahni [4] . In this model our Universe contracts at the beginning and then undergoes a nonsingular bounce [4] . It was also found that in both the spatially flat and positively-curved cases the Einstein static state solution is stable against homogeneous perturbations [5, 6] . So, the authors in [5, 6] argued that the big bang singularity problem may be resolved successfully since our uni-verse can stay at the Einstein static state past-eternally and then evolve into an inflationary era naturally.
The idea, which uses the Einstein static state to solve the problem of big bang singularity, was first proposed by Ellis et al., and it was named the emergent scenario [7, 8] . It is easy to see that the existence of a stable Einstein static state universe is a prerequisite for the emergent theory. Otherwise our universe is impossible to stay at the static state past-eternally. The emergent mechanism is unsuccessful for the avoidance of big bang singularity in the theory of general relativity since the Einstein static state solution is unstable. In the very early universe, due to that the cosmic energy density is very large, it is reasonable to consider some other effects, such as those from quantum gravity and modified gravity, which might help to stabilize the Einstein static state. It has been found that the Einstein static state universe is stable against homogeneous scalar perturbations in massive gravity [9, 10] , loop quantum cosmology [11] , Horava-Lifshifz gravity [12] , f (T ) gravity [13] , braneworld scenario [14, 15] , Jordan-Brans-Dick theory [16] , hybrid metric-Palatini gravity [17] , modified Gauss-Bonnet gravity [18] , f (R) gravity [19] , and some other theories [20] . However, inhomogeneous perturbations violate the stability of Einstein static state solution in modified Gauss-Bonnet gravity [21] , and f (R) gravity [22] 
Einstein static state solution in the braneworlds
In braneworld scenario, our four-dimensional world is considered as a brane which is the boundary of a five-dimensional bulk. Its action has the following general form [4] 
Here, g ab is the five-dimensional metric in the bulk, and R is the scalar curvature of five dimensional spacetime. R is the scalar curvature of the induced metric on the brane which is defined by = 1 or −1, which corresponds to a spacelike or timelike extra dimension respectively. M and m denote the five-and four-dimensional Planck masses, respectively. (5) is the five-dimensional cosmological constant and σ is the brane tension. g and h are determinants of five-dimensional and four-dimensional metrics, respectively. L denotes the Lagrangian density of a perfect fluid restricted on the brane. Varying the action given in Eq. (1) with respect to the metric h ab , we obtain the Einstein field equation on the brane: (2) where G ab and T ab are the Einstein's tensor and stress-energy tensor of a perfect fluid on the brane, respectively. As Eq. (2) involves the extrinsic curvature tensor K ab , it is not closed with respect to the intrinsic evolution on the brane. Using the Gauss-Codazzi identities and projecting the field equations onto the brane, the effective equation [23, 24] which involves only four-dimensional quantities, can be obtained
is a dimensionless parameter, and
is the effective cosmological constant, which, for simplicity, we set to be zero in the following. [25] , the tensor W ab characterizes the stressenergy tensor of a "Weyl fluid" [26] with the equation of state like that of "dark radiation" [27] , i.e., γ w − 1 = 1 3 . To find an Einstein static solution, we assume that our universe on the brane is described by a spatially flat Friedmann-RobertsonWalker (FRW) metric
where a is the scale factor and t is the cosmic time. We further assume that the perfect fluid has a constant equation of state, which means that its energy density ρ and pressure p satisfy p = (γ m − 1)ρ with γ m being a constant. The energy momentum tensor of the perfect fluid has the form
where U a is the four-velocity vector. In addition, we find that W ab can also be expressed as [28] W ab
with
where C is an integration constant characterizing the "dark radiation" contributed by the projection of five-dimensional Weyl tensor onto the brane. The energy conservation law gives
Together with Bianchi identity, one can obtain
From Eqs. (3), (5) and (6), one can obtain the Friedmann equations of RS and SS braneworlds
where H =ȧ a is the Hubble parameter, ρ c ≡ 2 σ and 8π G eff ≡ 1 are set for simplicity. In this paper, an overdot denotes a derivative with respect to t.
The Einstein static state solution satisfies the conditions ȧ = 0 and ä = 0, which imply
Combining Eqs. (10) and (11), we find that, in a static state universe, the energy density of the perfect fluid and the cosmic scale factor must satisfy
Perturbations on the brane
Since only isotropic scalar perturbations are considered in our analysis, it is convenient to express the perturbed metric in the longitudinal gauge
Here, is the "Bardeen" potential, and represents the perturbation to the spatial curvature. The perturbed energy-momentum tensors of the perfect fluid and "dark radiation", respectively, have the forms [25] 
where q and q w are related respectively to the velocity perturbations of the perfect fluid and the "Weyl fluid". P a b and D a are given by
Assuming adiabatic perturbations, one has that δ p = (γ m − 1)δρ and δ p w = 1 3 δρ w .
Now, for convenience we perform a harmonic decomposition for the perturbations:
Here, n is larger than zero and is a continuous real number. The
where denotes the Laplacian operator on the three-dimensional spatial sections. n = 0 corresponds to the case of homogeneous scalar perturbations. Using the perturbed metric and linearizing the field equation given in Eq. (3) and the energy conservation laws (Eqs. (8), (9)), we obtain the following linear perturbation equations n − n = 0 , (20) (24) −γ m ρ 0 n + (γ m − 1)δρ n +q n = 0 , (25) (26) ρ cqwn − 2ρ 0qn + (27) Combining the above equations, we arrive at two independent equations¨ (28) 
Here, δ = δρ/ρ is the relative density perturbation, and δ n = δρ n /ρ. Expressing the above two equations in a matrix form,
and A is the coefficient matrix of Eqs. (28) and (29), one can see that the solution of this secondorder system has the form:
where c 1 , c 2 , c 3 and c 4 are some constants, u 1 and u 2 are eigenvectors of A with λ 1 and λ 2 being the corresponding eigenvalues, respectively. It is easy to obtain the frequencies, which can be written as
If the eigenvalues λ 1 and λ 2 are always negative for any k, which means that the frequencies ω 1 and ω 2 are always real, the exponential functions e ±iω 1 t and e ±iω 2 t oscillate and do not grow up. Then, the static state solution is neutrally stable against scalar perturbations. Apparently, the stability requires that ω 
Stability
Now we study the stability of the critical point given in Eq. (13) against scalar perturbations in braneworlds with a timelike or spacelike extra dimension.
SS model
In this case, the extra dimension is timelike and = −1. The Einstein static state solution shown in Eq. (13) becomes
. (32) Since the energy density and scalar factor should be positive, the existence of an Einstein static state solution requires
Homogeneous perturbations
Homogenous perturbations corresponds to the case of k = 0.
Then, Eq. (31) reduces to
where Eq. (32) has been used. The stable conditions require
Combining Eqs. (33) and (35), we obtain the conditions for stable Einstein static state solution under homogeneous scalar perturbations
Inhomogeneous perturbations
The inhomogeneous perturbations correspond to k > 0. Substituting Eq. (32) into Eq. (31), we obtain the frequencies
Since ω 2 1 is always positive, we only need to discuss the requirement for ω 2 2 ≥ 0, which gives
For an any given value of C , since k ∈ (0, ∞), the requirements shown in the second and third lines of the above expression are violated. Thus, the conditions for stable Einstein static state solution against inhomogeneous scalar perturbations are
Combining the conditions for homogeneous and inhomogeneous scalar perturbations, we find that in the SS braneworld, the Einstein static state universe is stable if γ m and C satisfy Eq. (39).
Therefore, in the SS braneworld a successful implementation of emergent scenario requires that the perfect fluid on the brane should be the phantom-like and the Weyl fluid has a positive energy density.
RS model
The RS model has a spacelike extra dimension, which means that = 1. The Einstein static state solution (Eq. (13)) has the
The requirements of a positive energy density and a positive scalar factor give C < 0, 
From Eqs. (41) and (43), one can see that there is no overlap for the allowed regions of γ m . Thus, the Einstein static state solution is unstable in the spatially-flat RS model.
Perturbations in the bulk
It has been found that the static Horava-Witten braneworlds can be stable subject to finite energy deformations [29] , while they are unstable from the higher-dimensional point of view [30, 31] . Thus, it is interesting to discuss the stability of Einstein static state solutions in the bulk. Varying the action given in Eq. (1) with respect to the five-dimensional metric g αβ , one can obtain the five-dimensional Einstein field equations [4] 
where ( , y) with y denoting the extra dimensional coordinate which is orthogonal to the brane situated at y = 0, we can express the RS and SS solutions as [32, 33] (5) ds
and the bulk coordinate is in the range y ≥ 0. In Poincare coordinates, the above metric can be re-expressed as
where z = le y/l represents the extra dimensional coordinate. For the case of Einstein static states, the analysis in the proceeding Section shows that the metric on the brane is independent on x a , which indicates that h ab are constants.
To study the stability of Einstein static state solutions in the bulk, we need to discuss the stability of the metric given in Eq. (46) under perturbations. Since only on the SS brane are there stable Einstein static state solutions, in the following we focus on the case of = −1. In the longitudinal gauge, the perturbed fivedimension metric can be described by [34, 35] 
